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We study the dynamics of a Fermi gas with a Coulomb interaction potential, and show that, in a
mean-field regime, the dynamics is described by the Hartree-Fock equation. This extends previous work
of Bardos et al. [3] to the case of unbounded interaction potentials. We also express the mean-field limit
as a “superhamiltonian” system, and state our main result in terms of the Heisenberg-picture dynamics
of observables. This is a Egorov-type theorem.
1. Introduction
The Hartree-Fock equation is a fundamental tool, used throughout physics and chemistry, for describing a
system consisting of a large number of fermions. Despite its importance for both conceptual and numerical
applications, many questions surrounding it remain unsolved. One area in which significant progress has been
made is the microscopic justification of the static Hartree-Fock equation, which is known to yield the correct
asymptotic ground state energy of large atoms and molecules; see [1, 8, 9, 11, 13, 14]. The time-dependent
Hartree-Fock equation, which is supposed to describe the dynamics of a large Fermi system, has received less
attention. To our knowledge, the only work in which this equation is derived from microscopic Hamiltonian
dynamics is [3]. The Cauchy problem for the time-dependent Hartree-Fock equation has also been studied
in the literature; see [2, 5] and especially [19], where the Cauchy problem is solved for singular interaction
potentials.
A key assumption in [3] is that the interaction potential be bounded. A goal of this article is to extend
the result of [3] to a class of singular interaction potentials, which includes the physically relevant Coulomb
potential. We also describe how this mean-field result can be formulated as a Egorov-type theorem.
A system of N spinless1 fermions is described by a wave function ΨN(x1, . . . , xN ) ∈
∧N
L2(R3, dx)
which is totally antisymmetric in its arguments. The dynamics of ΨN is governed by the usual Schro¨dinger
1For simplicity of exposition we omit the spin, whose inclusion is merely a notational complication.
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equation. In order to obtain a mean-field limit, the Schro¨dinger equation is rescaled with N . In this article
we adopt the scaling of [3]. The Schro¨dinger equation reads
i∂tΨN (t) = HNΨN (t) , (1.1)
where the N -particle Hamiltonian HN is defined by
HN :=
N∑
i=1
hi +
1
N
∑
i<j
w(xi − xj) . (1.2)
Here, hi is a one-particle Hamiltonian acting on the coordinate xi, typically of the form hi = −∆i + v(xi),
where ∆ is the three-dimensional Laplacian and v is some external potential; w is the interaction potential.
Under the assumptions on v and w we make below, it is easy to see that HN is a well-defined self-adjoint
operator with domain
∧N
H2(R3).
We briefly sketch our main result. Consider a sequence of N orthonormal orbitals ϕ1, . . . , ϕN , where ϕi
is a one-particle wave function. This defines an N -particle fermionic state through the Slater determinant
ΨN := ϕ1 ∧ · · · ∧ ϕN .
Let ΨN (t) be the solution of the Schro¨dinger equation (1.1) with initial state ΨN . In general, ΨN (t) is no
longer a Slater determinant for t 6= 0. However, one expects that this holds asymptotically for large N :
ΨN (t) ≈ ϕ1(t) ∧ · · · ∧ ϕN (t) .
Here the orbitals ϕ1(t), . . . , ϕN (t) are supposed to solve the Hartree-Fock equation
i∂tϕi = hϕi +
1
N
N∑
j=1
(w ∗ |ϕj |2)ϕi − 1
N
N∑
j=1
(w ∗ (ϕiϕ¯j))ϕj . (1.3)
Our main result (Theorems 6.1 and 6.2 below) is a precise formulation of this asymptotic behaviour.
Aside from the mathematical question of generalizing the result of [3] to singular potentials, this result is
of some physical relevance when studying the dynamics of electrons of a large atom in the Born-Oppenheimer
approximation. Consider an atom of atomic number N (commonly also denoted by Z). The nucleus has
charge Ne, where e is the positive unit charge, and is surrounded by N electrons of charge −e. We assume
that the nucleus is immobile; this is heuristically justified by the fact that the nucleus is much heavier than
the electrons. The Hamiltonian of the electrons reads, in appropriately chosen units,
N∑
i=1
(
−∆i − e
2N
|xi|
)
+
∑
16i<j6N
e2
|xi − xj | . (1.4)
After conjugation with the unitary dilation defined by xi 7→ N−1xi for all i, the Hamiltonian (1.4) becomes
N2
[
N∑
i=1
(
−∆i − e
2
|xi|
)
+
1
N
∑
16i<j6N
e2
|xi − xj |
]
,
which is of the form N2HN . We conclude that our results describe the dynamics of atomic electrons at
length scales of order N−1 and time scales of order N−2. The approximation is therefore quite crude. For
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instance in the Thomas-Fermi atom, most electrons are to be found at length scales of order N−1/3, while
the innermost electrons (K-shell, etc.) reside at length scales of order N−1.
One problem in the above physical model, as well as in the works [1,8,9,11,13,14], is that, as N becomes
large, relativistic effects should be taken into account. Indeed, a simple argument shows that the speeds
of the innermost electrons are of order N . Another problem in applying the time-dependent Hartree-Fock
theory to the dynamics of excited states is that the interaction with the radiation field is neglected. This
interaction is responsible for the relaxation of excited states to the ground state of the atom.
A somewhat different physical scenario is an interacting Fermi gas confined to a box of fixed size. As
discussed in [6, 15], the natural scaling in this situation may be viewed as a combination of mean-field
and semiclassical scalings. This problem was first studied in [15, 18]. The authors show that the limiting
dynamics is governed by the Vlasov equation. These results were sharpened in [6], where the authors compare
the Hamiltonian dynamics with the dynamics of the Hartree equation, and derive estimates on the rate of
convergence.
A further, physically very different, scenario studied in the literature is an interacting Fermi gas in the
weak coupling regime. Here the limiting dynamics is given by a nonlinear Boltzmann equation. See for
instance [7], in which a nonrigorous derivation is given for a model of interacting fermions on a lattice.
Finally, we outline the key ideas of our proof. It relies on the diagrammatic Schwinger-Dyson expansion
and Kato smoothing estimates developed in [10]. The main steps are:
(a) Use the Schwinger-Dyson expansion to express the Hamiltonian time evolution of a p-particle observ-
able.
(b) Show that, in the limit N →∞, only the tree terms of the Schwinger-Dyson expansion survive.
(c) Show that the time evolution of a p-particle observable under the Hartree-Fock equation converges to
the tree terms of the Schwinger-Dyson series as N →∞.
Steps (a) and (b) have been addressed in [10]. Thus, the argument in this paper consists in doing step (c).
This article is organized as follows. In Section 2 we introduce the Hartree-Fock equation, discuss its
Hamiltonian structure and prove a Schwinger-Dyson series for its time evolution. In Section 3 we rewrite the
Hartree-Fock equation using density matrices. In Sections 4 and 5 we introduce second quantized notation
and Slater determinants. After these preparations, we state our main result in Section 6. The proof is given
in Section 7. Finally, Section 8 is devoted to a Egorov-type formulation of our main result, whereby the
microscopic dynamics is recognized as a quantization of a classical “superhamiltonian” theory.
Conventions. In the following, the expression “A(t) holds for small times” is understood to mean that there
is a constant T such that A(t) is true for all |t| < T . The precise value of T can always be inferred from the
context. To simplify notation, we assume in the following that t > 0.
The norm of a Hilbert space H is denoted by ‖·‖. We denote by
H(n)± := P±H⊗n
the symmetric/antisymmetric subspaces of the tensor product space H⊗n. Here, P± is the orthogonal
projector onto the symmetric/antisymmetric subspace. The Banach space of bounded operators on H with
operator norm is denoted by (L(H), ‖·‖), and the Banach space of trace-class operators on H with trace
norm is denoted by (L1(H), ‖·‖1).
We use the notation a
(p)
i1...ip
∈ L(H⊗n) to denote a p-particle operator a(p) ∈ L(H⊗p) acting on the
coordinates xi1 , . . . , xip of n-particle space. Similarly, Tri1...ip denotes a partial trace over the p-particle
space corresponding to the coordinates xi1 , . . . , xip .
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A time subscript of the form (·)t is always understood to mean time evolution up to time t of (·) with
respect to the appropriate free dynamics. We shall explain this in greater detail whenever this notation is
used.
The symbol C is reserved for a constant whose dependence on some parameters may be indicated. The
value of C need not be the same from one equation to the next.
Acknowledgements. We would like to thank two referees for pointing out inaccuracies in an earlier version
of this manuscript.
2. The Hartree-Fock equation
For simplicity of notation, we only consider spinless fermions in the following; the one-particle Hilbert space
is H := L2(R3, dx) ≡ L2(R3). Merely cosmetic modifications extend our results to the case of spin-s fermions
for which the one-particle Hilbert space is L2(R3) ⊗ C2s+1. To fix ideas, we consider the free Hamiltonian
h := −∆ and a Coulomb two-body interaction potential w(x) := κ|x|−1. By a simple extension of the results
of [10], Section 8, our results remain valid for a free Hamiltonian of the form h = −∆+ v and a two-body
interaction potential w, where w is even and v, w ∈ L∞(R3) + L3w(R3) are both real. Here, Lpw denotes the
weak Lp-space (see e.g. [16]). In particular, we may treat Hamiltonians of the form
N∑
i=1
(
−∆i − e
2
|xi|
)
+
1
N
∑
16i<j6N
e2
|xi − xj | ,
describing the dynamics of electrons in a large atom, as discussed in Section 1.
2.1. Some notation. It is convenient to state the time-dependent Hartree-Fock equation in terms of an
infinite sequence of orbitals Φ = (ϕi)i∈N which is an element of the Hilbert space
H˜ := l2(N;L2(R3)) = l2(N)⊗ L2(R3) .
To simplify notation, we set α = (x, i) and write Φ(α) = ϕi(x). Furthermore, we abbreviate∫
dα :=
∑
i∈N
∫
dx , δ(α− α′) := δii′δ(x − x′) .
The scalar product on H˜ is then given by
〈Φ ,Φ′〉 =
∫
dα Φ(α)Φ′(α) .
Let a(p) ∈ L(H⊗p) and define a˜(p) ∈ L(H˜⊗p) through
a˜(p) := 1(l2(N))⊗p ⊗ a(p) .
We have the identity
‖a˜(p)‖ = ‖a(p)‖ . (2.1)
Furthermore, one easily finds that〈
Φ⊗p , a˜(p)Φ⊗p
〉
=
∑
i1,...,ip∈N
〈
ϕi1 ⊗ · · · ⊗ ϕip , a(p) ϕi1 ⊗ · · · ⊗ ϕip
〉
. (2.2)
4
2.2. Hamiltonian formulation of the Hartree-Fock equation. The time-dependent Hartree-Fock equation for
the sequence Φ reads
i∂tϕi = hϕi +
∑
j∈N
(w ∗ |ϕj |2)ϕi −
∑
j∈N
(w ∗ (ϕiϕ¯j))ϕj . (2.3)
We begin by noting that (2.3) is the Hamiltonian equation of motion of a classical Hamiltonian system with
phase space Γ := l2(N)⊗H1(R3).
Define the map A, from closed operators A(p) on H˜(p)+ to “polynomial” functions on phase space, through
A(A(p))(Φ) :=
〈
Φ⊗p , A(p)Φ⊗p
〉
=
∫
dα1 · · ·dαp dβ1 · · · dβp Φ(αp) · · ·Φ(α1)A(p)(α1, . . . , αp;β1, . . . , βp)Φ(β1) · · ·Φ(βp) ,
where A(p)(α1, . . . , αp;β1, . . . , βp) is the distribution kernel of A
(p) (see [10] for details). We denote by A the
linear hull of functions of the form A(A(p)), with A(p) ∈ L(H˜(p)+ ).
The Hamilton function is given by
H := A(h˜) +
1
2
A(W˜) , (2.4)
where
W := W (1− E) ;
here (EΨ)(x1, x2) := Ψ(x2, x1) is the exchange operator and W is the two-particle operator defined by
multiplication by w(x1 − x2). Written out in terms of components, (2.4) reads
H(Φ) =
∑
i∈N
〈ϕi , hϕi〉+ 1
2
∑
i,j∈N
(〈ϕi ⊗ ϕj ,W ϕi ⊗ ϕj〉 − 〈ϕi ⊗ ϕj ,W ϕj ⊗ ϕi〉) .
Using Sobolev-type inequalities, one readily sees that H is well-defined on Γ.
A short calculation shows that the Hartree-Fock equation is equivalent to
i∂tΦ = ∂Φ¯H(Φ) .
The symplectic form on Γ is given by
ω = i
∫
dα dΦ(α) ∧ dΦ(α) ,
which induces the Poisson bracket
{Φ(α),Φ(β)} = iδ(α− β) , {Φ(α),Φ(β)} = {Φ(α),Φ(β)} = 0 . (2.5)
Thus, for two observables A,B ∈ A,
{A,B} (Φ) = i
∫
dα
(
δA
δΦ(α)
(Φ)
δB
δΦ(α)
(Φ)− δB
δΦ(α)
(Φ)
δA
δΦ(α)
(Φ)
)
.
The Hamiltonian equation of motion on Γ is the Hartree-Fock equation (2.3).
5
The conservation laws of the Hartree-Fock flow can be understood in terms of symmetries of the Hamil-
tonian (2.4). One immediately sees that (2.4) is invariant under the rotation Φ 7→ (U ⊗ 1L2(R3))Φ, where
U ∈ L(l2(N)) is unitary. A one-parameter group of such unitary transformations is generated by linear com-
binations of the functions Re〈ϕi , ϕj〉 and Im〈ϕi , ϕj〉, which Poisson-commute with the Hamiltonian (2.4).
By Noether’s principle, it follows that 〈ϕi , ϕj〉 is (at least formally) conserved. The energy H is of course
formally conserved as well.
In order to solve the Hartree-Fock equation (2.3) with initial state Φ, we rewrite it as an integral equation
ϕi(t) = e
−ithϕi − i
∫ t
0
ds e−i(t−s)h
∑
j∈N
(
(w ∗ |ϕj(s)|2)ϕi(s)− (w ∗ (ϕi(s)ϕ¯j(s)))ϕj(s)
)
. (2.6)
The Cauchy-problem for (2.6) was solved in [19]. We quote the relevant results:
Lemma 2.1. Let Φ ∈ H˜. Then (2.6) has a unique global solution Φ(·) ∈ C(R; H˜). Furthermore, the quantities
〈ϕi , ϕj〉 are conserved. In particular, ‖Φ(t)‖ = ‖Φ‖.
2.3. A Schwinger-Dyson expansion for the Hartree-Fock equation. Our main tool is the Schwinger-Dyson
expansion for the flow of the Hartree-Fock equation. We use the notation (·)t to denote free time evolution
generated by the free Hamiltonian A(h˜). Explicitly,
At(ϕ1, ϕ2, . . . ) = A
(
e−ithϕ1, e
−ithϕ2, . . .
)
.
Lemma 2.2. Let A ∈ A, ν > 0, and Φ(t) be the solution of (2.6) with initial data Φ ∈ H˜. Then, for small
times t, we have that
A(Φ(t)) = At(Φ) +
∫ t
0
ds
1
2
{
A(W˜), At−s
}
(Φ(s))
=
∞∑
k=0
1
2k
∫
∆k(t)
dt
{
A(W˜tk), . . .
{
A(W˜t1), At
}}
(Φ) ,
uniformly for Φ ∈ Bν := {Φ ∈ H˜ : ‖Φ‖2 6 ν} .
Proof. The proof of Lemma 7.1 in [10] applies with virtually no modifications. One uses (2.1), the identity
A(W˜)t = A(W˜t) = A
(
(Wt(1− E))˜
)
,
and ‖E‖ = 1.
3. The density matrix Hartree-Fock equation
From now on, we only work with orthogonal sequence of orbitals belonging to the set
K := {Φ ∈ H˜ : 〈ϕi , ϕj〉 = 0 for i 6= j} .
By Lemma 2.1, Φ ∈ K implies that Φ(t) ∈ K for all t. To each sequence of orbitals Φ we assign a one-particle
density matrix
γΦ :=
∑
i∈N
|ϕi〉〈ϕi| . (3.1)
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It is easy to see that this defines a mapping from K onto the set of density matrices
D := {γ ∈ L1(H) : γ > 0} .
Furthermore,
‖γΦ‖1 = ‖Φ‖2 .
Conversely, one may recover Φ from γΦ, up to ordering of the orbitals, by spectral decomposition. Also,
(2.2) implies that
A(a˜(p))(Φ) = Tr(a(p)γ⊗pΦ ) . (3.2)
Next, we note that the Hartree-Fock equation may be formulated in terms of density matrices. Let Φ(t)
be a solution of the Hartree-Fock equation (2.3), and abbreviate
γ(t) = γΦ(t) .
Then a short calculation shows that
i∂tγ = [h, γ] + Tr2 [W , γ ⊗ γ] , (3.3)
which is the Hartree-Fock equation for density matrices. As an integral equation in the interaction picture,
this reads
γ(t) = e−ith γ eith − i
∫ t
0
ds e−i(t−s)h Tr2 [W , γ(s)⊗ γ(s)] ei(t−s)h . (3.4)
Sometimes it is convenient to rewrite this using the shorthand
γ˜(t) := eith γ(t) e−ith . (3.5)
Then (3.4) is equivalent to
γ˜(t) = γ − i
∫ t
0
ds Tr2 [Ws, γ˜(s)⊗ γ˜(s)] . (3.6)
The next lemma ensures that if Φ(t) is a general solution of the integral Hartree-Fock equation (2.6) then
γΦ(t) solves the integral density matrix equation (3.4).
Lemma 3.1. Let Φ(t) be the solution of (2.6). Then γΦ(t) solves (3.4).
Proof. Let a(1) ≡ a ∈ L(H). From Lemma 2.2 we get
A(a˜)(Φ(t)) = A(a˜t)(Φ) +
∫ t
0
ds
{
A(W˜),A(a˜t−s)
}
(Φ(s)) . (3.7)
Now (2.5) and (3.2) imply {
A(W˜),A(a˜)}(Φ) = iA([W˜ , a˜⊗ 1])(Φ)
= iTr
([W , a⊗ 1]γΦ ⊗ γΦ)
= −i Tr((a⊗ 1)[W , γΦ ⊗ γΦ]) .
Thus (3.7) reads
Tr(a γΦ(t)) = Tr(at γΦ)− i
∫ t
0
ds Tr
(
(at−s ⊗ 1)
[W , γΦ(s) ⊗ γΦ(s)])
= Tr
(
a eithγΦe
−ith
)− i ∫ t
0
ds Tr
(
a e−i(t−s)h Tr2
[W , γΦ(s) ⊗ γΦ(s)] ei(t−s)h) .
Since a ∈ L(H) was arbitrary, this is equivalent to (3.4).
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4. Second quantization
For the following it is convenient to use second quantized notation; see e.g. [4] and [10] for a full account.
We introduce the fermionic Fock space
F :=
⊕
N>0
H(N)− ,
where we adopt the usual convention that H(0)− = C. A vector Ψ ∈ F is a sequence Ψ = (Ψ0,Ψ1,Ψ2, . . . )
with ΨN ∈ H(N)− for all N . By a slight abuse of notation, we often identify an N -particle vector ΨN ∈ H(N)−
with the vector in Fock space whose N -particle component equals ΨN and whose other components vanish.
On F act the usual fermionic creation and annihilation operators, a∗ and a, which map the one-particle
space into densely defined closable operators on F . For ϕ ∈ H and Ψ ∈ F , they are defined by
(
a∗(ϕ)Φ
)
N
(x1, . . . , xN ) :=
1√
N
N∑
i=1
(−1)i+1ϕ(xi)ΨN−1(x1, . . . , xi−i, xi+1, . . . , xN ) ,
(
a(ϕ)Φ
)
N
(x1, . . . , xN ) :=
√
N + 1
∫
dy ϕ(y)ΨN+1(y, x1, . . . , xN ) .
It is not hard to see that a∗(ϕ) and a(ϕ) are each other’s adjoints. Moreover, they satisfy the canonical
anticommutation relations[
a(ϕ) , a∗(ϕ′)
]
+
= 〈ϕ, ϕ′〉 , [a♯(ϕ) , a♯(ϕ′)]
+
= 0 ,
where [A,B]+ := AB +BA is the anticommutator and a
♯ stands for either a∗ or a.
Define the operator-valued distributions a∗(x) := a∗(δx) and a(x) := a(δx), where δx is Dirac’s delta
function centred at x. In other words,
a∗(ϕ) =
∫
dx ϕ(x) a∗(x) , a(ϕ) =
∫
dx ϕ(x) a(x) .
To streamline notation, it is convenient to introduce the rescaled creation and annihilation operators, defined
by
a♯ν(x) :=
1√
ν
a♯(x) .
Here ν > 0 is a parameter that will ultimately be taken to equal N , the number of particles.
Let a(p) ∈ L(H(p)) and define its second quantization Âν(a(p)), a closed operator on F , through
Âν(a
(p)) :=
∫
dx1 · · · dxp dy1 · · · dyp a∗ν(xp) · · · a∗ν(x1) a(p)(x1, . . . , xp; y1, . . . , yp) aν(y1) · · · aν(yp) ,
where a(p)(x1, . . . , xp; y1, . . . , yp) denotes the distribution kernel of a
(p). Explicitly, Âν(a
(p)) is given by
(see [10])
Âν(a
(p))
∣∣∣
H
(N)
−
=
{
p!
νp
(
N
p
)
P−(a
(p) ⊗ 1(N−p))P− if N > p
0 if N < p ,
(4.1)
which may be viewed as an alternative definition of Âν(a
(p)). In particular, when restricted to H(N)− , the
operator ÂN (a
(p)) is of order one as N →∞.
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5. Slater determinants
Next, we introduce quasi-free states (see [4] for more details). Their importance for our purposes stems from
the fact that the Hartree-Fock equation naturally describes the time evolution of quasi-free states. Let γ ∈ D
be a one-particle density matrix. The quasi-free state ωγ associated with γ satisfies by definition
γ(p)(x1, . . . , xp; y1, . . . , yp) = det (γ(xi; yj))i,j ,
where
γ(p)(x1, . . . , xp; y1, . . . , yp) := ωγ
(
a∗(yp) · · · a∗(y1)a(x1) · · · a(xp)
)
is the reduced p-particle density matrix of ωγ . In other words, γ
(p) is the operator kernel of
γ(p) = γ⊗pΣ
(p)
− , (5.1)
where
Σ
(p)
− := p!P
(p)
− .
For the following calculations it is convenient to introduce the symbol ε
j1...jp
i1...ip
, which is equal to sgnσ if
i1, . . . , ip are disjoint and there is a permutation σ ∈ Sp such that (i1, . . . , ip) = (jσ(1), . . . , jσ(p)), and equal
to 0 otherwise. Also, for the remainder of this section, summation over any index appearing twice in an
equation is implied.
Lemma 5.1. Let γ ∈ D with Tr γ = 1. Then Tr γ(p) 6 1.
Proof. There is an orthonormal basis (ϕi)i∈N and a sequence of nonnegative numbers (λi)i∈N such that∑
i λi = 1 and γ =
∑
i λi|ϕi〉〈ϕi|. Therefore,
γ(p) = ε
j1...jp
i1...ip
λi1 · · ·λip |ϕi1 ⊗ · · · ⊗ ϕip〉〈ϕj1 ⊗ · · · ⊗ ϕjp |
This yields
Tr γ(p) = ε
j1...jp
i1...ip
λi1 · · ·λipδi1k1 · · · δipkpδj1k1 · · · δjpkp
=
∑
i1,...,ip disjoint
λi1 · · ·λip
6
∑
i1,...,ip
λi1 · · ·λip = 1 .
Next, we introduce a special class of quasi-free states, described by Slater determinants. Take an or-
thonormal sequence of orbitals Φ = (ϕi)i∈N and denote by Φ
(N) the truncated sequence (ϕ1, . . . , ϕN , 0, . . . ).
We define the N -particle Slater determinant as
S(Φ(N)) := ϕ1 ∧ · · · ∧ ϕN = 1√
N !
a∗(ϕN ) · · · a∗(ϕ1)Ω =
√
N !P
(N)
− ϕ1 ⊗ · · · ⊗ ϕN ∈ H(N)− .
Note that the normalization is chosen so that ‖S(Φ(N))‖ = 1. The corresponding N -particle density matrix
is
ΓN := |S(Φ(N))〉〈S(Φ(N))| .
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The p-particle marginals of ΓN are given by
Γ
(p)
N := Trp+1...N ΓN
= Trp+1...N
1
N !
εi1...iN εj1...jN
∣∣ϕi1 ⊗ · · · ⊗ ϕiN 〉〈ϕj1 ⊗ · · · ⊗ ϕjN ∣∣
=
(N − p)!
N !
ε
j1...jp
i1...ip
∣∣ϕi1 ⊗ · · · ⊗ ϕip〉〈ϕj1 ⊗ · · · ⊗ ϕjp ∣∣ . (5.2)
In particular,
Γ
(1)
N =
1
N
N∑
i=1
|ϕi〉〈ϕi| = γN , (5.3)
where γN is the one-particle density matrix associated (by (3.1)) with the normalized truncated sequence
Φ˜(N) :=
1√
N
Φ(N) .
Thus, the explicit forms (5.1) and (5.2) imply a relation between the reduced density matrices and the
marginals:
γ
(p)
N =
1
Np
ε
j1...jp
i1...ip
∣∣ϕi1 ⊗ · · · ⊗ ϕip〉〈ϕj1 ⊗ · · · ⊗ ϕjp ∣∣ = p!Np
(
N
p
)
Γ
(p)
N . (5.4)
In other words, Slater determinants determine quasi-free states by their p-particle marginals. The normal-
ization p!Np
(
N
p
)
differs slightly from the usual normalization 1 of quasi-free states, but in the limit N → ∞
this difference vanishes. Recalling (4.1), we see from (5.4) that〈
S(Φ(N)) , ÂN(a
(p))S(Φ(N))
〉
= Tr
(
a(p)γ
(p)
N
)
. (5.5)
We also note that
‖γN‖ = 1
N
. (5.6)
This is a special case of the well-known statement (see e.g. [12]) that
∥∥Tr2...N Γ∥∥ 6 N−1, for any fermionic
N -particle density matrix Γ 2. The estimate (5.6) will play a fundamental role in our analysis.
Finally, we remark that the sequence Φ(N)(t) satisfies the rescaled Hartree-Fock equation (1.3) if and only
if the normalized sequence Φ˜(N)(t) satisfies the unrescaled Hartree-Fock equation (2.3). Similarly, Φ˜(N)(t) is
a solution of the integral equation (2.6) if and only if Φ(N)(t) is a solution of the rescaled integral equation
ϕi(t) = e
−ithϕi − i
N
∫ t
0
ds e−i(t−s)h
N∑
j=1
(
(w ∗ |ϕj(s)|2)ϕi(s)− (w ∗ (ϕi(s)ϕ¯j(s)))ϕj(s)
)
. (5.7)
6. The limit and main result
We may now state our main result. Take an infinite sequence Φ = (ϕi)i∈N of orthonormal orbitals, and
denote the truncated sequences by Φ(N). Let Φ(N)(t) be the solution of the rescaled integral Hartree-Fock
equation (5.7) with initial data Φ(N).
2This can also be inferred from (5.6) by writing Γ as a linear combination of projectors.
10
Theorem 6.1. Let p ∈ N and a(p) ∈ L(H(p)− ). Then, for any t ∈ R, we have〈
e−itHNS(Φ(N)) , ÂN (a
(p)) e−itHNS(Φ(N))
〉
−
〈
S
(
Φ(N)(t)
)
, ÂN (a
(p))S
(
Φ(N)(t)
)〉 −→ 0
as N →∞.
We may also express our main result in terms of density matrices. Denote by
ΓN (t) := e
−itHN
∣∣S(Φ(N))〉〈S(Φ(N))∣∣ eitHN
the N -particle density matrix evolved in time using the N -body dynamics. Similarly, denote by
Γ˜N (t) :=
∣∣S(Φ(N)(t))〉〈S(Φ(N)(t))∣∣
the N -particle density matrix evolved in time using the Hartree-Fock dynamics. Denote by Γ
(p)
N (t) and
Γ˜
(p)
N (t) their respective p-particle marginals.
Theorem 6.2. Let p ∈ N. Then, for any t ∈ R, we have
lim
N→∞
∥∥Γ(p)N (t)− Γ˜(p)N (t)∥∥1 = 0 .
Remark 6.3. The limit N → ∞ of Γ(p)N (t) does not exist in ‖·‖1. Indeed, limN→∞‖Γ(p)N (t)‖ = 0 but
TrΓ
(p)
N (t) = 1 (similarly for Γ˜
(p)
N (t)).
Remark 6.4. As mentioned in the beginning of Section 2, both Theorems 6.1 and 6.2 extend trivially to
the case of spin-s fermions. In that case, we replace the space H˜ from Section 2 with the space l2(N) ⊗
L2(R3;C2s+1). Thus, α = (x, σ, i) where σ = −s,−s+1, . . . , s denotes the spin index. Vectors Φ = (ϕi) ∈ H˜
are now sequences of wave functions ϕi ≡ ϕi(x, σ) which also depend on the spin index σ. The exchange
operator E acts in the natural way: (EΨ)(x1, σ1;x2, σ2) = Ψ(x2, σ2;x1, σ1). With these minor modifications,
the statements and proofs of Theorems 6.1 and 6.2 may be taken over verbatim.
Remark 6.5. As in [10], one can show that the rate of convergence in Theorems 6.1 and 6.2 is a power law
N−β(t), with β(t) > 0 for all t. However, β(t) → 0 as t → ∞. Our bound on the rate of convergence is
therefore far from the expected optimal rate β(t) = 1, which we only obtain for short times.
7. Proof of Theorems 6.1 and 6.2
The main tool of our proof is the graph expansion scheme developed in [10].
7.1. The Schwinger-Dyson graph expansion. For the convenience of the reader we summarize the relevant
results of the graph expansion in [10]. For details and proofs we refer to [10].
Let a(p) ∈ L(H(p)− ). From now on, we restrict all operators on F to H(N)− ; in particular, we understand
expressions of the form ÂN (a
(p)) to mean ÂN (a
(p))
∣∣
H
(N)
−
. We start with the Schwinger-Dyson series for the
time-evolved operator eitHN ÂN (a
(p))e−itHN . We write
HN = N
[
ÂN (h) +
1
2
ÂN (W )
]
,
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and regard the second term as a perturbation. Thus we get the series expansion
eitHN ÂN (a
(p)) e−itHN =
∞∑
k=0
∫
∆k(t)
dt
(iN)k
2k
[
ÂN (Wtk), . . .
[
ÂN (Wt1), ÂN (a
(p)
t )
]
. . .
]
, (7.1)
where t = (t1, . . . , tk) and ∆
k(t) is the k-simplex {(t1, . . . , tk) : 0 < tk < · · · < t1 < t}. Here, as before, a
time subscript refers to free time evolution:
a
(p)
t := e
i
∑
i
hit a(p) e−i
∑
i
hit .
In [10] it was shown how the normal ordering of the multiple commutators in (7.1) gives rise to terms that
can be classified graphically. The graph expansion reads
eitHN ÂN (a
(p)) e−itHN =
∞∑
k=0
k∑
l=0
1
N l
ÂN
(
G
(k,l)
t (a
(p))
)
. (7.2)
The (p+ k− l)-particle operator G(k,l)t (a(p)) corresponds to the sum of all l-loop graphs contributing to the
multiple commutator of order k. Explicitly, it is given by
G
(k,l)
t (a
(p)) :=
∫
∆k(t)
dt G
(k,l)
t,t (a
(p)) , (7.3)
where the operators G
(k,l)
t,t (a
(p)) are recursively defined by
G
(k,l)
t,t1,...,tk(a
(p)) = iP−
p+k−l−1∑
i=1
[
Wi p+k−l,tk , G
(k−1,l)
t,t1,...,tk−1(a
(p))⊗ 1
]
P−
+ iP−
∑
16i<j6p+k−l
[
Wij,tk , G
(k−1,l−1)
t,t1,...,tk−1(a
(p))
]
P− , (7.4)
as well as G
(0,0)
t (a
(p)) := a
(p)
t . If l < 0 or l > k then G
(k,l)
t,t1,...,tk
(a(p)) = 0.
As a sum over graphs3, G
(k,l)
t (a
(p)) reads
G
(k,l)
t (a
(p)) =
ik
2k
∑
Q∈Q(p,k,l)
iQ
∫
∆k
Q
(t)
dt G
(k,l)(Q)
t,t1,...,tk
(a(p)) , (7.5)
where iQ ∈ {0, 1}, ∆kQ(t) ⊂ [0, t]k, and Q(p, k, l) is a set of graphs whose cardinality satisfies
|Q(p, k, l)| 6 2k
(
k
l
)(
2p+ 3k
k
)
(p+ k − l)l . (7.6)
The operator G
(k,l)(Q)
t,t1,...,tk(a
(p)) is an elementary term, indexed by the graph Q, of the form
P−Wi1j1,tv1 · · ·Wirjr ,tvr
(
a
(p)
t ⊗ 1(k−l)
)
Wir+1jr+1,tvr+1 · · ·Wikjk,tvkP− , (7.7)
3called graph structures in [10]
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where r = 0, . . . , k and (tv1 , . . . , tvk) is some permutation of (t1, . . . , tk).
The operator norm of G
(k,l)
t (a
(p)) may now be bounded using the dispersive estimate∫
dt
∥∥|x|−1eit∆ψ∥∥2 6 pi‖ψ‖2 . (7.8)
Going to centre of mass coordinates and using Cauchy-Schwarz, one sees that (7.8) implies∫ t
0
ds
∥∥Wij,s ϕ∥∥ 6 √piκ2t
2
‖ϕ‖ . (7.9)
Recalling the estimate (7.6), it is now easy to argue, as in [10], that (7.2) converges uniformly in N for small
times t. Moreover, the large-N asymptotics of the Schwinger-Dyson series (7.2) is given by the tree terms:
for small times t we have
eitHN ÂN (a
(p)) e−itHN =
∞∑
k=0
ÂN
(
G
(k,0)
t (a
(p))
)
+ LN(t) , (7.10)
where LN (t), corresponding to the sum of all terms with at least one loop (l > 1), satisfies the estimate
‖LN(t)‖ 6 C(p, κ, t)‖a(p)‖N−1 , (7.11)
for small times t.
7.2. Convergence of the Hartree-Fock time evolution to the tree terms. We now give the main argument
of our proof. We show that the Hartree-Fock time evolution is asymptotically (N → ∞) given by the tree
terms (i.e. the terms l = 0) of the Schwinger-Dyson series (7.2). This result is summarized in Lemma 7.2
below.
The main idea of the proof is to iterate the integral Hartree-Fock equation so as to obtain a Schwinger-
Dyson-type series. If iterated, the Hartree-Fock evolution of the observable ÂN (a
(p)) yields a power series
expansion that differs from the tree expansion
∞∑
k=0
ÂN
(
G
(k,0)
t (a
(p))
)
.
Thus, at each step of the iteration we extract an error term, and continue the iteration on what remains.
This is done in such a way that the resulting power series is equal to the tree expansion. The main work
is to estimate the error terms arising at each step of the iteration. This is done by using a tree expansion
combined with the dispersive estimate (7.9).
We work with the density matrix formulation (3.4) of the Hartree-Fock equation. We seek an expansion
for the quantity 〈
S(Φ(N)(t)) , ÂN (a
(p))S(Φ(N)(t))
〉
= Tr
(
a(p)γ
(p)
N (t)
)
; (7.12)
see (5.5). In this subsection, the special form (5.3) of γN is unimportant. We therefore assume that we have
an arbitrary orthogonal sequence Φ = (ϕi)i∈N ∈ K, and denote by Φ(t) the solution of the Hartree-Fock
equation (2.6) with initial data Φ. Let γ(t) := γΦ(t) be the associated one-particle density matrix.
By choosing A = A(a˜(p)), a(p) ∈ L(H(p)− ), in Lemma 2.2 and mimicking the proof of Lemma 3.1 one finds
that
Tr
(
a(p) γ(t)⊗p
)
= Tr
(
a
(p)
t γ
⊗p
)− i ∫ t
0
ds
p∑
i=1
Tr
(
a
(p)
t−sTrp+1
[Wi p+1, γ(s)⊗(p+1)]) . (7.13)
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It is convenient to use the representation γ˜(t) defined in (3.5). Using the substitution a(p) 7→ a(p)−t in (7.13),
we get
Tr
(
a(p) γ˜(t)⊗p
)
= Tr
(
a(p)γ⊗p
)− i ∫ t
0
ds
p∑
i=1
Tr
(
a(p) Trp+1
[Wi p+1,s, γ˜(s)⊗(p+1)]) ,
where, we recall,
γ˜(t) := eith γ(t) e−ith .
Recall that Wij =Wij(1−Eij). Also, Eij commutes with Wij and with γ˜(s)⊗(p+1). Thus Σ(p)− a(p) = p! a(p),
together with the fact that a(p) was arbitrary, implies the integral equation
γ˜(t)⊗p Σ
(p)
− = γ
⊗pΣ
(p)
− − i
∫ t
0
ds Trp+1
[
p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1)(1− Ei p+1)
]
Σ
(p)
− . (7.14)
The tree expansion would be obtained by iterating the somewhat different integral equation
γ˜(t)⊗pΣ
(p)
− = γ
⊗pΣ
(p)
− − i
∫ t
0
ds Trp+1
[
p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1) Σ
(p+1)
−
]
. (7.15)
In order to compare (7.14) with (7.15), we use the elementary identity
Σ
(p+1)
− =
(
1−
p∑
j=1
Ej p+1
)
Σ
(p)
− .
Thus we find
Trp+1
[
p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1) Σ
(p+1)
−
]
= Trp+1
 p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1)
(
1−
p∑
j=1
Ej p+1
)
Σ
(p)
−

= Trp+1
 p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1)
(
1−
p∑
j=1
Ej p+1
)Σ(p)− .
Together with (7.14) this yields
γ˜(t)⊗p Σ
(p)
− = γ
⊗pΣ
(p)
− − i
∫ t
0
ds Trp+1
[
p∑
i=1
Wi p+1,s, γ˜(s)
⊗(p+1) Σ
(p+1)
−
]
+Rp(t) , (7.16)
with an error term
Rp(t) := −i
∑
16i6=j6p
∫ t
0
ds Trp+1
[
Wi p+1,s, γ˜(s)
⊗(p+1)Ej p+1
]
Σ
(p)
− . (7.17)
The partial trace is most conveniently computed using operator kernels. We find(
Wi p+1,sγ˜(s)
⊗(p+1)Ej p+1
)
(x1, . . . , xp+1; y1, . . . , yp+1)
=
∫
dz1 dz2
 ∏
r 6=i,j
γ˜(s)(xr ; yr)
 Ws(xi, xp+1; z1, z2) γ˜(s)(z1; yi) γ˜(s)(xj ; yp+1) γ˜(s)(z2; yj) ,
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so that
Trp+1
(
Wi p+1,sγ˜(s)
⊗(p+1)Ej p+1
)
(x1, . . . , xp; y1, . . . , yp)
=
∫
dz1 dz2 dz3
 ∏
r 6=i,j
γ˜(s)(xr ; yr)
 Ws(xi, z3; z1, z2) γ˜(s)(z1; yi) γ˜(s)(xj ; z3) γ˜(s)(z2; yj)
=
(
γ˜j(s)Wij,sγ˜(s)
⊗p
)
(x1, . . . , xp; y1, . . . , yp) . (7.18)
The second term of the commutator in (7.17) is the adjoint of the first and we get
Rp(t) = −i
∑
16i6=j6p
∫ t
0
ds
(
γ˜j(s)Wij,sγ˜(s)
⊗p − γ˜(s)⊗pWij,sγ˜j(s)
)
Σ
(p)
−
= −i
∑
16i6=j6p
∫ t
0
ds
(
γ˜j(s)Wij,sγ˜(s)
⊗pΣ
(p)
− − γ˜(s)⊗pΣ(p)− Wij,sγ˜j(s)
)
.
We remark at this point that the formula (7.18) is the key identity behind our proof. From it our strategy
is already apparent: the factor γ˜j(s) multiplies a trace class operator, so that the trace norm of the right-
hand side of (7.18) may eventually (after the smoothing effect of the free time evolution has been exploited)
be estimated using the operator norm of γ˜j(s), which is bounded by N
−1. Moreover, it is also apparent why
it is crucial to keep the exchange term in (7.14) for our argument to work. Indeed, if the exchange term in
(7.14) were dropped, the restriction i 6= j in (7.17) would no longer hold. In that case we would have to
estimate the term
Trp+1
[
Wi p+1,s, γ˜(s)
⊗(p+1)Ei p+1
]
,
for which the computation of (7.18) does not hold.
We are now ready to iterate (7.16). Multiplying (7.16) by a(p) ∈ L(H(p)− ) yields
Tr
(
a
(p)
t γ˜(t)
⊗p Σ
(p)
−
)
= Tr
(
a
(p)
t γ
⊗pΣ
(p)
−
)
+ i
∫ t
0
ds
p∑
i=1
Tr
([
Wi p+1,s, a
(p)
t ⊗ 1
]
γ˜(s)⊗(p+1) Σ
(p+1)
−
)
+Tr
(
a
(p)
t Rp(t)
)
.
Iterating this K times yields our main expansion
Tr
(
a
(p)
t γ˜(t)
⊗p Σ
(p)
−
)
=
K−1∑
k=0
∫
∆k(t)
dt Tr
(
G
(k,0)
t,t (a
(p)) γ⊗(p+k)Σ
(p+k)
−
)
+
∫
∆K(t)
dt Tr
(
G
(K,0)
t,t (a
(p)) γ˜(tK)
⊗(p+K)Σ
(p+K)
−
)
+
K−1∑
k=0
∑
16i6=j6p+k
Rkij(t) , (7.19)
where the error terms are given by
Rkij(t) := −i
∫
∆k+1(t)
dt Tr
(
G
(k,0)
t,t1,...,tk(a
(p)) γ˜j(tk+1)Wij,tk+1 γ˜(tk+1)
⊗(p+k) Σ
(p+k)
−
−Wij,tk+1 γ˜j(tk+1)G(k,0)t,t1,...,tk(a(p)) γ˜(tk+1)⊗(p+k) Σ
(p+k)
−
)
.
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Next, we estimate Rkij(t). Let us concentrate on the first term, which we rewrite using the renaming
tk+1 → s as ∫
∆k(t)
dt
∫ ∧t
0
ds Tr
(
G
(k,0)
t,t1,...,tk
(a(p)) γ˜j(s)Wij,s γ˜(s)
⊗(p+k) Σ
(p+k)
−
)
, (7.20)
where ∧t := min{t1, . . . , tk}. The outline of our strategy is as follows. We expand both G(k,0)t,t1,...,tk(a(p)) and
γ˜(s)⊗(p+k) using a graph expansion. The integral over s allows us to control the singularity in the potential
Wij,s by invoking the dispersive estimate (7.9). The term γ˜j(s) is bounded by its operator norm.
We start by deriving a tree expansion for γ˜(s)⊗p.
Lemma 7.1. Let a(p) ∈ L(H(p)− ). For small times we have the tree expansion
Tr
(
a(p)γ˜(t)⊗pΣ
(p)
−
)
=
∞∑
k=0
∫
∆k(t)
dt Tr
(
T
(k)
t (a
(p))γ⊗(p+k)Σ
(p)
−
)
, (7.21)
where T
(k)
t is the linear operator defined by T
(0)(a(p)) := a(p) and
T
(k)
t1...tk
(a(p)) = i
p+k−1∑
i=1
[
Wi p+k,tk , T (k−1)t1...tk−1(a(p))⊗ 1
]
.
Proof. Lemma 2.2 applied to A = A(a˜(p)) yields
Tr
(
a(p)γ˜(t)⊗p
)
=
∞∑
k=0
∫
∆k(t)
dt Tr
(
T
(k)
t (a
(p))γ⊗(p+k)
)
.
The claim then follows by noting that Σ
(p)
− a
(p) = p!a(p) and that
∑p+k−1
i=1 Wi p+k,tk commutes with Σ(p)− .
The proof of convergence of the series is the same as the proof of convergence of the series (7.2) outlined in
Section 7.1.
We use Lemma 7.1 to expand γ˜(s)⊗(p+k) in (7.20). The result is that (7.20) equals
∞∑
k′=0
∫
∆k(t)
dt
∫ ∧t
0
ds
∫
∆k′(s)
dt′ Tr
{
T
(k′)
t′
(
G
(k,0)
t,t (a
(p))γ˜j(s)Wij,s
)
γ⊗(p+k+k
′)Σ
(p+k)
−
}
.
Next, we recall from (7.5) that G
(k,0)
t,t1,...,tk
(a(p)) can be written as a sum over tree graphs Q ∈ Q(p, k, 0) of
elementary terms of the form (7.7). Also, since the definition of T
(k)
t1,...,tk(a
(p)) is the same as the definition
of G
(k,0)
0,t1,...,tk
(a(p)) with W replaced by W , we immediately get that T (k)t1,...,tk(a(p)) is equal to a sum over tree
graphs Q ∈ Q(p, k, 0) of elementary terms of the form
P−Wi1j1,tv1 · · ·Wirjr ,tvr
(
a
(p)
t ⊗ 1(k−l)
)Wir+1jr+1,tvr+1 · · ·Wikjk,tvkP− .
In particular, using the dispersive estimate (7.9) and the bound (7.6), one readily sees that the tree expansion
(7.21) converges for small times.
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Applying the tree expansion to both G
(k,0)
t,t1,...,tk
(a(p)) and γ˜(s)⊗(p+k) in (7.20), we see that (7.20) is equal
to
∞∑
k′=0
ik+k
′
2k+k′
∑
Q∈Q(p,k,0)
∑
Q′∈Q(p+k,k′,0)
iQiQ′
∫
∆k
Q
(t)
dt
∫ ∧t
0
ds
∫
∆k
′
Q′
(s)
dt′
Tr
{
Aa
(p)
1...p,tBP
(p+k)
− γ˜j(s)Wij,s C γ
⊗(p+k+k′)Σ
(p+k)
−
}
, (7.22)
where A, B, and C are operators with the following properties:
(i) A, B, and C depend on the variables (Q,Q′, k, k′, t, t′);
(ii) A, B, and C are each a product of operators of the form Wi′j′,r, or Wi′j′,r, where r stands for a time
variable in {t1, . . . , tk, t′1, . . . , t′k′};
(iii) the product ABC contains k factors W and k′ factors W ;
(iv) each time variable in t1, . . . , tk, t1, . . . , tk′ appears exactly once in the product ABC.
Next, we estimate the operator norm of the operator multiplying γ⊗(p+k+k
′) in (7.22). Let ϕ ∈ H⊗(p+k+k′)
and estimate
I :=
∥∥∥∥ ∑
Q∈Q(p,k,0)
∑
Q′∈Q(p+k,k′,0)
iQiQ′
∫
∆k
Q
(t)
dt
∫ ∧t
0
ds
∫
∆k
′
Q′
(s)
dt′ Aa
(p)
1...p,tBP
(p+k)
− γ˜j(s)Wij,s C ϕ
∥∥∥∥
6
∑
Q∈Q(p,k,0)
∑
Q′∈Q(p+k,k′,0)
∫
[0,t]k
dt
∫ t
0
ds
∫
[0,t]k′
dt′
∥∥∥Aa(p)1...p,tBP (p+k)− γ˜j(s)Wij,s C ϕ∥∥∥
We now perform all time integrations, starting from the left, and using at each step the estimate (7.9) as
well as ∫ t
0
dr
∥∥Wi′j′,rϕ∥∥ 6 √2piκ2t ‖ϕ‖ ,
which follows trivially from (7.9). Also, Lemma 2.1 implies that ‖γ˜(s)‖ = ‖γ‖. Thus we find that
I 6
∑
Q∈Q(p,k,0)
∑
Q′∈Q(p+k,k′,0)
(
piκ2t
2
)(k+1)/2 (
2piκ2t
)k′/2 ‖a(p)‖‖γ‖‖ϕ‖
Using the bound
|Q(p, k, 0)| 6 4p 16k ,
which can be inferred from (7.6), we find
I 6 4p 16k 4p+k16k
′
(
piκ2t
2
)(k+1)/2 (
2piκ2t
)k′/2 ‖a(p)‖‖γ‖‖ϕ‖
6 16p
√
2piκ2t
(
32
√
2piκ2t
)k (
16
√
2piκ2t
)k′ ‖a(p)‖‖γ‖‖ϕ‖ .
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Let t < (211piκ2)−1. Now Lemma 5.1 implies that ‖γ⊗(p+k+k′)Σ(p+k)− ‖1 6 1. Using the inequality Tr(AΓ) 6
‖A‖‖Γ‖1 we therefore find that (7.20) is bounded by
16p
∞∑
k′=0
(
32
√
2piκ2t
)k (
16
√
2piκ2t
)k′ ‖a(p)‖‖γ‖ = 16p (32√2piκ2t)k
1− 16
√
2piκ2t
‖a(p)‖‖γ‖ .
The second term of Rkij(t) is equal to the complex conjugate of the first. We thus arrive at the desired
bound
|Rkij(t)| 6 2 · 16p
(
32
√
2piκ2t
)k
1− 16
√
2piκ2t
‖a(p)‖‖γ‖ . (7.23)
Therefore the last line of (7.19) is bounded by
2 · 16p 1
1− 16
√
2piκ2t
‖a(p)‖‖γ‖
∞∑
k=0
(p+ k)2
(
32
√
2piκ2t
)k
6 4 · 16p ep 1
1− 16
√
2piκ2t
1(
1− 32
√
2piκ2t
)3 ‖a(p)‖‖γ‖ ,
where we used the estimate
∑∞
k=0(p+ k)
L xk 6 e
p L!
(1−x)L+1 .
Next, we note that the second line of (7.19), i.e. the rest term, vanishes in the limit K → ∞. The
procedure is almost identical to (in fact easier than) the above estimation of |Rkij(t)|. The result is∣∣∣∣∫
∆K(t)
dt Tr
(
G
(K,0)
t,t (a
(p)) γ˜(tK)
⊗(p+K)Σ
(p+K)
−
)∣∣∣∣ 6 2 · 16p
(
32
√
2piκ2t
)K
1− 16
√
2piκ2t
‖a(p)‖ −→ 0 ,
as K →∞.
We summarize what we have proven: For small times the Hartree-Fock time evolution is equal to the
tree expansion plus an error term of order ‖γ‖.
Lemma 7.2. Let a(p) ∈ L(H(p)− ). Then, for small times, we have∣∣∣∣Tr(a(p) γ(t)⊗pΣ(p)− )− ∞∑
k=0
Tr
(
G
(k,0)
t (a
(p)) γ⊗(p+k)Σ
(p+k)
−
)∣∣∣∣ 6 ‖a(p)‖ ‖γ‖C(p, κ, t) ,
for some constant C(p, κ, t).
7.3. Conclusion of the proof. We now have all the necessary ingredients to prove our main result. Take an
infinite sequence Φ = (ϕi)i∈N of orthonormal orbitals, and denote by Φ
(N)(t) the solution of the rescaled
integral Hartree-Fock equation (5.7) with initial data Φ(N).
Then, for small times, we find from (7.10) and (7.12) that〈
e−itHNS(Φ(N)) , ÂN (a
(p)) e−itHNS(Φ(N))
〉
−
〈
S
(
Φ(N)(t)
)
, ÂN (a
(p))S
(
Φ(N)(t)
)〉
=
∞∑
k=0
〈
S(Φ(N)) , ÂN
(
G
(k,0)
t (a
(p))
)
S(Φ(N))
〉
+
〈
S(Φ(N)) , LN(t)S(Φ
(N))
〉− Tr(a(p)γ(p)N (t))
=
∞∑
k=0
Tr
(
G
(k,0)
t (a
(p)) γ
(p+k)
N
)
− Tr(a(p)γ(p)N (t))+ 〈S(Φ(N)) , LN(t)S(Φ(N))〉 .
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Thus, Lemma 7.2 and (7.11) imply∣∣∣∣〈e−itHNS(Φ(N)) , ÂN (a(p)) e−itHNS(Φ(N))〉− 〈S(Φ(N)(t)) , ÂN (a(p))S(Φ(N)(t))〉∣∣∣∣
6 C(p, κ, t)‖a(p)‖(‖γN‖+N−1) 6 2C(p, κ, t)
N
‖a(p)‖ , (7.24)
by (5.6).
Next, we observe that the quantum-mechanical and the Hartree-Fock time-evolutions are norm-preserving.
We may therefore iterate (7.24), as in [10], to extend it to all times. Thus we find, for all times t ∈ R,∣∣∣∣〈e−itHNS(Φ(N)) , ÂN (a(p)) e−itHNS(Φ(N))〉− 〈S(Φ(N)(t)) , ÂN (a(p))S(Φ(N)(t))〉∣∣∣∣
6 C(p, κ, t)‖a(p)‖(‖γN‖+N−1) 6 C(p, κ, t)f(t, N)‖a(p)‖ , (7.25)
where f(t, N) is some function satisfying limN f(t, N) = 0 for all t ∈ R. Theorem 6.1 follows immediately.
Finally, we prove Theorem 6.2. Let Γ
(p)
N (t) and Γ˜
(p)
N (t) be defined as in Section 6. Thus, plugging (5.4)
and (5.5) into (7.25) yields
p!
Np
(
N
p
)∣∣∣∣Tr[(Γ(p)N (t)− Γ˜(p)N (t))a(p)]∣∣∣∣ 6 C(p, κ, t)f(t, N)‖a(p)‖ .
Thus, by the duality (L1)∗ = L, we find∥∥Γ(p)N (t)− Γ˜(p)N (t)∥∥1 6 C(p, κ, t)f(t, N) .
Theorem 6.2 follows.
8. A Egorov-type result for small times
In this section we describe how the many-body dynamics of fermions may be seen as the quantization of
a classical “superhamiltonian” system, whose dynamics is approximately described by the Hartree-Fock
equation.
8.1. A graded algebra of observables. We start by defining a Grassmann algebra of anticommuting variables
over the one-particle spaceH = L2(R3), and equip it with a suitable norm. Formally, we consider the infinite-
dimensional Grassmann algebra generated by {ψ(x), ψ(x)}x∈R3 . As it turns out, this algebra can be made
into a Banach algebra under a natural choice of norm. This norm is most conveniently formulated by
identifying elements of the Grassmann algebra with bounded operators between L2-spaces.
Let
a = (a(p,q))p,q∈N , a
(p,q) ∈ L(H(q)− ;H(p)− ), (8.1)
be a family of bounded operators. Such objects will play the role of observables in the following. By a slight
abuse of notation we identify a(p,q) with the family obtained by adjoining zeroes to it.
Define
B
G := {a = (a(p,q)) : a(p,q) = 0 for all but finitely many (p, q)} .
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We introduce a norm on BG through
‖a‖BG :=
∑
p,q∈N
‖a(p,q)‖ , (8.2)
and define BG as the completion of BG.
We also introduce a multiplication on BG defined by
(ab)(p,q) :=
∑
p1+p2=p
q1+q2=q
(−1)p2(p1+q1) P−(a(p1,q1) ⊗ b(p2,q2))P− . (8.3)
The seemingly odd choice of sign will soon become clear. It is now easy to check that BG is an associative
Banach algebra with identity
1
(p,q) = δp0 δq0 .
Note that BG bears a Z-grading, with degree map
deg a(p,q) := p− q .
An observable is gauge invariant when its degree is equal to 0. One readily sees that
ab = (−1)deg a deg bba .
We now identify BG with a Grassmann algebra of anticommuting variables. For f ∈ H define ψ(f) ∈
L(H;C) ⊂BG through
ψ(f) g := 〈f , g〉 (8.4)
and ψ(f) ∈ L(C;H) ⊂BG through
ψ(f)z := fz . (8.5)
We may now consider arbitrary polynomials in the variables {ψ(f), ψ(f) : f ∈ H}. It is a simple matter to
check that
ψ(f)ψ(g) + ψ(g)ψ(f) = ψ(f)ψ(g) + ψ(g)ψ(f) = ψ(f)ψ(g) + ψ(g)ψ(f) = 0 ,
for all f, g ∈ H. Furthermore, we have that
ψ(fp) · · ·ψ(f1)ψ(g1) · · ·ψ(gq) = P (p)− |f1 ⊗ · · · ⊗ fp〉〈g1 ⊗ · · · ⊗ gq|P (q)− . (8.6)
Linear combinations of expressions of the form (8.6) are dense in BG (in the strong operator topology). It
is often convenient to write a family a of bounded operators using the “Grassmann generators” {ψ, ψ}. To
this end we set
ψ(x) := ψ(δx) , ψ(x) := ψ(δx) ,
where δx is Dirac’s delta mass at x. Expressions of the form (8.6) are now understood as densely defined
quadratic forms. One immediately finds
a ≡ AG(a) :=
∑
p,q
∫
dx1 . . .dxp dy1 . . . dyq
× ψ(xp) · · ·ψ(x1) a(p,q)(x1, . . . , xp; y1, . . . , yq)ψ(y1) · · ·ψ(yq) . (8.7)
We use the notation AG(a) to emphasize that the family a is represented using Grassmann generators.
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8.2. A graded Poisson bracket. Next, we note that BG carries the graded Poisson bracket
{a, b} := i
∫
dx
[
a
←
δ
δψ(x)
→
δ
δψ(x)
b+ a
←
δ
δψ(x)
→
δ
δψ(x)
b
]
, (8.8)
where a, b ∈ BG. Here we use the usual conventions for derivatives with respect to Grassmann variables (see
e.g. [17], Appendix B). In terms of kernels the graded Poisson bracket can be expressed as
{ψ(x), ψ(y)} = iδ(x− y) {ψ(x), ψ(y)} = {ψ(x), ψ(y)} = 0 . (8.9)
We now list the important properties of the graded Poisson bracket.
(i) {a, b} = (−1)1+deg a deg b{b, a} .
(ii) (−1)deg b (deg a+deg c){a, {b, c}}+ cyclic permutations = 0 .
(iii) {a, bc} = {a, b}c+ (−1)deg a deg bb{a, c} .
Proof. Let us start with (i):
{a, b} = i
∫
dx
[
(−1)deg a+1 δa
δψ(x)
δb
δψ(x)
+ (−1)deg a+1 δa
δψ(x)
δb
δψ(x)
]
= i
∫
dx
[
(−1)deg a deg b+deg b δb
δψ(x)
δa
δψ(x)
+ (−1)deg a deg b+deg b δb
δψ(x)
δa
δψ(x)
]
= (−1)1+deg a deg b{b, a} .
In order to show (ii), we note that the left-hand side can be written as a sum of three terms, the first of
which contains second derivatives of a, the second second derivatives of b and the third second derivatives
of c. Let us consider the third one. It is equal to the terms containing second derivatives of c of
(−1)deg b(deg a+deg c){a, {b, c}}+ (−1)deg c(deg b+deg a){b, {c, a}}
= (−1)deg b(deg a+deg c){a, {b, c}}+ (−1)deg c(deg b+deg a)+1+deg c deg a{b, {a, c}} ,
where (i) was used. Define the derivation Lab := {a, b} . Thus we need to compute the terms containing
second derivatives of c of
(−1)deg a deg b+deg b deg cLaLbc− (−1)deg b deg cLbLac .
Since we are only considering terms containing second derivatives of c, both derivations La and Lb must act
only on c, and one finds
(−1)deg a deg b+deg b deg cLaLbc− (−1)deg a deg b+deg b deg cLaLbc = 0 .
We omit the straightforward proof of (iii).
Furthermore, one finds by explicit calculation
{AG(a(p1,q1)),AG(b(p2,q2))} = i (−1)(p2+1)(p1+q1)q1p2AG
[(
a(p1,q1) ⊗ 1(p2−1)) (1(q1−1) ⊗ b(p2,q2))]
− i (−1)(q1+1)(p2+q2)p1q2AG
[(
b(p2,q2) ⊗ 1(p1−1)) (1(q2−1) ⊗ a(p1,q1))] . (8.10)
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8.3. States. We now introduce a space of states R ⊂ (BG)∗ on the algebra (BG, ‖·‖BG). A convenient
choice is
R :=
{
ρ = (ρ(p,q))p,q∈N : ρ
(p,q) ∈ L(H(q)− ;H(p)− ) , ‖ρ‖R <∞
}
,
where
‖ρ‖R := sup
p,q∈N
‖ρ(p,q)‖1
and
‖ρ(p,q)‖1 := sup
{∣∣Tr(ρ(p,q)a(q,p))∣∣ : a(q,p) ∈ L(H(p)− ,H(q)− ) , ‖a(q,p)‖ 6 1} .
Note that if p = q then ‖·‖1 is the usual trace norm. The dual action is given by
〈ρ, a〉 :=
∑
p,q∈N
Tr(ρ(p,q)a(q,p)) .
We abbreviate ρ(p,p) ≡ ρ(p) in the case of gauge invariant states. Next, we note that (8.6) implies that the
operator kernel of ρ(p,q) may be expressed as
ρ(p,q)(x1, . . . , xp; y1, . . . , yq) =
〈
ρ, ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)
〉
. (8.11)
There is a particular subset of gauge invariant states that is of interest for studying the Hartree-Fock
dynamics. Let γ ∈ D be a one-particle density matrix. Define the state ργ through ρ(p,q)γ = 0 if p 6= q and
ρ(p,p)γ := γ
(p) , (8.12)
where γ(p) is defined in (5.1). One immediately finds ‖ργ‖1 = ‖γ‖1.
8.4. Hamilton function and dynamics. Let h be the one-particle Hamiltonian and w the two-body interaction
potential. We define a Hamilton function on (a dense subset of) the phase space R through
H := AG(h) +
1
2
A
G(W )
=
∫
dxdy ψ(x)h(x; y)ψ(y) +
1
2
∫
dxdy ψ(y)ψ(x)w(w − y)ψ(x)ψ(y) . (8.13)
The Hamiltonian equations of motion read
a˙ = {H, a} ,
where a ∈ BG. Instead of the “Heisenberg” evolution of a we consider the dual “Schro¨dinger” evolution of
states:
〈ρ(t) , a〉 := 〈ρ, a(t)〉 .
The equation of motion for states reads
i∂tρ
(p,q)(x1, . . . , xp; y1, . . . , yq) =
(
p∑
i=1
hxi −
q∑
i=1
hyi
)
ρ(p,q)(x1, . . . , xp; y1, . . . , yq)
+
∫
du
(
p∑
i=1
w(u − xi)−
q∑
i=1
w(u − yi)
)
ρ(p+1,q+1)(x1, . . . , xp, u; y1, . . . , yq, u) . (8.14)
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This has the form of an infinite hierarchy, which decouples over subspaces of different degree. In order to
show (8.14) we compute
i
{
H,ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)
}
=
(
p∑
i=1
hxi −
q∑
i=1
hyi
)
ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)
+
∫
du
(
p∑
i=1
w(u − xi)−
q∑
i=1
w(u − yi)
)
ψ(u)ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)ψ(u) .
Then (8.14) follows from (8.11) and
i∂tρ
(p,q)(x1, . . . , xp; y1, . . . , yq) = i∂t
〈
ρ, ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)
〉
=
〈
ρ, i
{
H,ψ(yq) · · ·ψ(y1)ψ(x1) · · ·ψ(xp)
}〉
.
Next, we outline how to solve the equation of motion (8.14). Let us first rewrite it as
i∂tρ
(p,q) =
p∑
i=1
hiρ
(p,q) −
q∑
i=1
ρ(p,q)hi
+
p∑
i=1
Trp+1,q+1
(
Wi p+1ρ
(p+1,q+1)
)− q∑
i=1
Trp+1,q+1
(
ρ(p+1,q+1)Wi q+1
)
.
We may now proceed exactly as with the density matrix Hartree-Fock equation (3.3), i.e. express it as an
integral equation in the interaction picture. This yields a tree expansion for the quantity Tr
(
ρ(p,q)(t) a(q,p)
)
,
where ρ(0) ∈ R. We omit the uninteresting details. As above, the tree expansion converges if t < T , where
T := (211piκ2)−1 . (8.15)
Unfortunately, the time evolution (8.14) does not preserve the norm of ρ, which means that we cannot iterate
the short-time result.
8.5. A Schwinger-Dyson series for the time evolution of observables. From now on, we only consider gauge
invariant quantities. Take some gauge invariant state ρ = (ρ(p))p∈N ∈ R. For simplicity, we assume that
the sequence ρ is finite (as is the case if ρ is defined by a Slater determinant, see below). Let us denote the
Hamiltonian flow on R by φt. We have seen that φt is well-defined by its tree expansion for t < T . The
solution of (8.14) with initial data ρ, ρ(t) = φt(ρ), satisfies the equation
ρ˜(p)(t) = ρ(p) − i
∫ t
0
ds
p∑
i=1
Trp+1
[
Wi p+1,s, ρ˜
(p+1)(s)
]
, (8.16)
where ρ˜(p)(t) := ei
∑
i
hit ρ(p)(t) e−i
∑
i
hit. Let us take a gauge invariant observable a(p,p) ≡ a(p) ∈ AG, where
A
G := {a ∈ BG : a(p,q) = 0 if p 6= q}
is the set of gauge invariant observables. Then (8.16) implies
Tr
(
a(p)ρ(p)(t)
)
= Tr
(
a
(p)
t ρ˜
(p)(t)
)
= Tr
(
a
(p)
t ρ
(p)
)
+ i
∫ t
0
ds
p∑
i=1
Tr
([
Wi p+1,s, a
(p)
t ⊗ 1
]
ρ˜(p+1)(s)
)
.
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Iteration of this identity gives
Tr
(
a(p)ρ(p)(t)
)
=
∞∑
k=0
Tr
(
G
(k,0)
t (a
(p)) ρ(p+k)
)
.
Summarizing:〈
a(p) ◦ φt , ρ〉 = 〈a(p) , ρ(t)〉 = Tr(a(p)ρ(p)(t))
=
∞∑
k=0
Tr
(
G
(k,0)
t (a
(p)) ρ(p+k)
)
=
〈
∞∑
k=0
G
(k,0)
t (a
(p)) , ρ
〉
.
This series converges for t < T , uniformly for bounded ‖a(p)‖BG and ‖ρ‖R. Therefore we get the norm-
convergent series
A
G(a(p)) ◦ φt =
∞∑
k=0
A
G
(
G
(k,0)
t (a
(p))
)
, (8.17)
provided that t < T .
Finally, we discuss the relationship between the Hartree-Fock dynamics and the dynamics generated by
(8.14). Take a density matrix γ ∈ D and consider the state ρ = ργ defined in (8.12). If one chooses a
sequence γN such that ‖γN‖ → 0 as N → ∞ (e.g. a sequence of Slater determinants), then Lemma 7.2
implies that (8.14) and the Hartree-Fock equation describe the same dynamics for large N .
8.6. Quantization and a Egorov-type theorem. In this final section we introduce a Wick quantization of
the above “superhamiltonian” system and formulate the mean-field limit as a Egorov-type theorem. It is
advantageous to use the second quantized formulation of Section 4.
We define quantization, denoted by (̂·)ν , as the linear map defined by the replacement ψ(x) 7→ aν(x) and
ψ(x) 7→ a∗ν(x), followed by Wick ordering. Quantization (̂·)ν maps observables in BG to closed operators on
F . Moreover, we have
(̂·)ν : AG(a(p)) 7→ Âν(a(p)) .
Using (8.10), it is easy to see that, for A,B ∈ AG,
[
Âν , B̂ν
]
=
ν−1
i
{̂A,B}ν +O(ν−2) .
This identifies ν−1 as the deformation parameter of (̂·)ν .
Extending the definition of (̂·)ν to unbounded operators in the obvious way, we define a Hamiltonian Ĥν
on F as the quantization of the Hamilton function H defined in (8.13). When restricted to H(N)− , NĤN is
equal to the Hamiltonian with mean-field scaling (1.2).
Now (7.10), (7.11) and (8.17) yield the following Egorov-type theorem.
Theorem 8.1. Let A ∈ AG and t < T , with T defined in (8.15). Then∥∥∥∥(eitNĤN ÂN e−itNĤN − ̂(A ◦ φt)N)∣∣∣∣
H
(N)
−
∥∥∥∥ 6 CN ,
for some C > 0.
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A. Hamiltonian formulation for density matrices
In Section 2 we chose a Hamiltonian formulation of the Hartree-Fock equation (2.3) in terms of sequences
of orbitals. Alternatively, we could just as well have used a Hamiltonian formulation in terms of density
matrices. To see how the density matrix Hartree-Fock equation (3.3) can be written as a Hamiltonian
equation of motion of a classical Hamiltonian system, consider the Hilbert space
Ĥ = L2(H) ,
the space of Hilbert-Schmidt operators, with scalar product
〈κ, ρ〉 := Tr(κ∗ρ) .
We write the density matrix γ ∈ D as γ = κκ∗, where κ ∈ Ĥ. The classical phase space is then given by a
Sobolev-type space of Hilbert-Schmidt operators
Γ̂ :=
{
κ ∈ Ĥ : Tr(κ∗(1−∆)κ) <∞} .
We define polynomial functions on Γ̂ through
B(a(p))(κ) :=
〈
κ⊗p , a(p)κ⊗p
〉
,
where a(p) ∈ L(H⊗p).
The affine space Γ̂ carries a Symplectic form defined by
ω = −i
∫
dxdy dκ¯(x, y) ∧ dκ(x, y) ,
where κ(x, y) is the operator kernel of κ. The Poisson bracket then reads{
κ#(x, y), κ#(x′, y′)
}
= 0
{κ(x, y), κ¯(x′, y′)} = −iδ(x− x′)δ(y − y′) .
The Hamilton function is defined by
H := B(h) +
1
2
B(W) .
By using Sobolev-type inequalities one readily sees that H is well-defined on Γ̂. After a short computation,
one finds that the Hamiltonian equation of motion,
i∂tκ(x, y) =
δH
δκ(x, y)
= i {H,κ(x, y)} ,
reads
i∂tκ = hκ+Tr2
(W κ⊗ (κκ∗)) .
It follows that γ = κκ∗ satisfies (3.3).
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